A mathematically rigorous analysis is given on supersymmetric embedding of a model of a one-dimensional quantum harmonic oscillator interacting with infinitely many bosons moving in the s-dimensional space R S • The model is exactly soluble. By a rigorous explicit construction of supersymmetric quantum field theories, it was proven that the Hamiltonian of the model is supersymmetrically embeddable if it is non-negative. The index of the Dirac-Kahler-type operators associated with the supercharges of the supersymmetric quantum field theories is computed.
I. INTRODUCTION
In the course of developing supersymmetric quantum mechanics, as initiated by Witten, [1] [2] [3] it has been found that a number of quantum mechanical Hamiltonians have supersymmetric extensions. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] In particular, in Ref. 5 a general formalism for constructing supersymmetric quantum mechanical Hamiltonians was given, from which it is seen that some classes of quantum mechanical Hamiltonians of the Schr6dinger type have supersymmetric extensions.
In view of a generalization of these results, it is natural to ask the following question: Given a quantum mechanical Hamiltonian, under what conditions does it have a supersymmetric extension? We shall say that a Hamiltonian is supersymmetrically embeddable if it has a supersymmetric extension (for a mathematically precise definition, see Definition 2.2).
The problem of supersymmetric embedding is interesting both physically and mathematically: It has been hoped that supersymmetry may give a fundamental framework for a unification of elementary-particle interactions. From this point of view, it may be natural to ask if the usual quantum theoretical models have something to do with supersymmetry. Namely, this leads to the question of super symmetric embedding. On the other hand, the Hamiltonian of a supersymmetric quantum theoretical model is given as the square of a Dirac-type operator (a "supercharge"), while the Hamiltonian of a usual (bosonic) quantum theoretical model is an operator of the Schr6dinger type. Therefore, from a mathematical point of view, the problem of supersymmetric embedding may be regarded as one that investigates a "hidden" structure (i.e., the supersymmetric structure) associated with a Schr6dinger-type operator. This is also interesting in relation to index theorems (e.g., Refs. 15 and 16).
In Ref. 17 , Gozzi showed that the one-dimensional Schr6dinger Hamiltonian -d 2/ dx2 + U(x), xER, is supersymmetrically embeddable if it has a nodeless ground-state wavefunction. This result was extended to the three-dimensional case in Ref. 18 and to an arbitrary n-dimensional case in Ref. 19 , where it was shown that every n-dimensional scalar Hamiltonian of the form n a2 x=(x1, ... , Xn)ER n , (1.1) j~ 1 aX j is supersymmetrically embeddable ifit has a strictly positive ground-state wave function. (In Ref. 19 , the boundedness from below of h is assumed. However, this is not necessary; in fact, one can deduce it from the assumption that h has a strictly positive eigenfunction. This is easily seen by tracing the "proof" of the supersymmetric embeddability of h.)
Thus, as far as quantum mechanical Hamiltonians of the form (1.1) are concerned, the problem of supersymmetric embedding has been entirely solved, at least on a formal level.
[From a mathematically rigorous point of view, in addition to the existence of a strictly positive eigenfunction n, some regularity conditions have to be imposed on n for the In this paper, we start a mathematically rigorous analysis on supersymmetric embedding of quantum field models. As a first step, we consider an exactly soluble model, which describes a quadratic interaction of a one-dimensional quan-tum harmonic oscillator with infinitely many scalar bosons and has been discussed in quantum statistical physics (e.g., Ref. 27 and references therein; in this context, the model is called the R WA oscillator). The Hamiltonian of the model is not exactly of the form (1.2) [see (3.9) in Sec. III]. Therefore, the method of Ref. 21 does not apply in its original form. The method taken in the present paper is as follows. We first "solve" the model exactly. The key to this is to find a canonical transformation 28 by which the Hamiltonian is diagonalized and its spectrum completely determined. This has been done in a previous paper.29 Then, by employing a method for supersymmetric extensions of a free scalar field, which consists of a direct infinite-dimensional extension of the method for supersymmetric extensions of the harmonic oscillator,30.31 we construct a supersymmetric quantum field theory (SSQFT) in which a reduction of the supersymmetric Hamiltonian to a subspace of state vectors yields the Hamiltonian of the model. In this way, it is proved that the Hamiltonian of the model is supersymmetrically embeddable ifit is bounded from below (non-negative as a matter of fact). In fact, under the condition, we shall construct two kinds of SSQFT depending on the range of the parameters contained in the Hamiltonian. (It is known that a supersymmetric extension of a given Hamiltonian is not necessarily unique. See, e.g., Refs. 6-13, 30, and 31.) A big difference between the two theories is in the spectrum of the Hamiltonian and, related to it, in the fermionic degrees of freedom (see Secs. V and VI). However, in both of the SSQFT's the bosons and the oscillator do not interact with the fermions.
We remark that the method in the present paper applies also to other exactly soluble models with quadratic interactions (e.g., . This paper is organized as follows. In Sec. II, we first recapitulate an abstract axiomatic mathematical formulation of super symmetric quantum theory (SSQT) for a rigorous approach, which was proposed first in Ref. 40 and then in Ref. 41 with a reformulation in terms of sequilinear forms. Then we give a mathematically precise definition of supersymmetric embeddability of quantum Hamiltonians. In Sec. III, we define the model by giving its Hamiltonian. In Sec. IV, as preliminaries to Secs. V and VI, some technical facts taken from Ref. 29 are presented and some additional formulas are proved. In Secs. V and VI, we construct explicitly SSQFT's and prove the supersymmetric embeddability of the model. In Sec. VII, some remarks are given. In particular, we discuss index problems related to the supersymmetric quantum field models constructed in Secs. V and VI.
II. DEFINITION OF SUPERSYMMETRIC QUANTUM THEORY AND SUPERSYMMETRIC EMBEDDING
Following Refs. 40 and 41, we first give an axiomatic mathematical formulation of SSQT, which applies to both supersymmetric quantum mechanics and SSQFT.
Definition 2.1: Let N;;.l be a fixed integer. A SSQT with A;-supersymmetry is a quadruple {JY,{Q)~ I,H ss ,N F } consisting of a Hilbert space JY, a set of self-adjoint operators {Q)f= I (supercharges), self-adjoint operators Hss (supersymmetric Hamiltonian), and NF (fermion number operator) satisfying the following properties.
(a) The Hilbert space JY is decomposed into two mutually orthogonal closed subs paces JY ± :
JY=JY+E9JY_
and, for all 'I' ± &W' ± '
The operator Hss is related to Qj' j = 1,oo.,N, by 
which follows from the spectral theorem for a self-adjoint operator. Since N F is bounded and self-adjoint, Eq. (2.1) is equivalent to
... D(Q) and
QjNF+NFQj=O, j=l,oo.,N, ' For some abstract results derived from the above definition of a SSQT, see, e.g., Refs. 40-42.
Definition 2.2: LetA be a self-adjoint operator acting in a Hilbert space. We say that A is supersymmetrically embeddable if it is unitarily equivalent to a reduced part of the supersymmetric Hamiltonian of a SSQT.
Remark: Since a supersymmetric Hamiltonian is nonnegative [condition (b) ], every supersymmetrically embeddable operator is non-negative. This implies that an operator that is not non-negative is never supersymmetrically embeddable. However, for a self-adjoint operator A that is bounded from below, the "renormalized" operator A -Eo may be supersymmetrically embeddable, where Eo is the infimum of the spectrum of A.
III. DEFINITION OF THE MODEL
In this section we define the model mentioned in Sec. I. For a mathematical generality, we assume that the bosons move in the s-dimensional Euclidean space R S . Further, in this paper we shall confine ourselves to the case with a cutoff interaction. Thus the Hilbert space Y of the state vectors is given by the tensor product of L 2(R) and the Boson Fock space Y B(L 2(R S ») over L 2(RS):
Let lUI be a non-negative, strictly monotone increasing, and continuously differentiable function on (0,00) satisfying the condition that lUI (t) -+ 00 as t-+ 00. Then we define the rotation invariant function lU on R' by (3.2) which physically denotes the energy of one free boson with momentum k. Regarding lU as a non-negative self-adjoint multiplication operator in L 2(R S ), we define the boson-free Hamiltonian HOB acting in:7 B(L 2(RS») by
where dr(lU) is the second quantization of lU (see Ref. 43, §X.7, p. 208) ; the formal expression is given as
where b (k), kER" is the operator-valued distribution kernel of the boson annihilation operator acting in:7 B(L 2(RS»).
The free Hamiltonian ho of the harmonic oscillator, which acts in L 2(R), is given by
where lUo > 0 is a constant parameter denoting the frequency and a is the annihilation operator for the harmonic oscillator defined by a = ~ ,JQi;;q + ----.
We denote by b ( I), IEL 2 (R'), the (smeared) boson annihilation operator:
The Hamiltonian H that defines the model is given by H=I®H oB +ho®I+a®b(p)*+a*®b(p), (3.8) where pEL 2(RS) denotes a cutoff function and I denotes identity. We shall assume that 
,JQi;; aq
/ denotes the Fourier transform of J, and the operator @ acting in L 2(RS) is defined by
The spectral property of H is analyzed in Ref. 29 .
IV. SOME TECHNICAL FACTS
In this section we summarize some of the technical facts discussed in Ref. 29 , which are needed in Sees. V and VI.
Let lUI be as in Sec. III, In the cut plane C m , we define the function
Henceforth, throughout the paper, we assume the following (A2)-(A4) in addition to (Al):
JR' (z-lU(k»2 In particular, we have D(t) <0 for all tEe -oo,m). Therefore, D(t) is monotone decreasing in tEe -oo,m) and hence the limit For E> 0, we define a linear operator G E by (4.6) (4.7)
It is proved that for every € > 0, G E is a bounded linear operator on L 2(RS) and that the strong limit As already seen, we have D' (t) < 0 for all « m. In the case am < 0, for convenience we define the constant Co > 0 by c6 = -liD '(v) .
(4.12)
Further, we introduce the function
(4.13) [In Ref. 29, Io(k) is denoted as "' A (k 
On the other hand, it is easy to see that To prove (4.25), we take the inner product of (4.19) with F. Then, using (4.17) and (4.18), we have 
where up (resp. USing,Uac) denotes the point (resp. singular continuous, absolutely continuous) spectrum and the multiplicity of the eigenvalue zero is 1. In particular, H is nonnegative. These results are proved in Ref. 29 .
We first construct a SSQFT. In order to do so, we need to introduce fermionic degrees of freedom. 
(L 2 (R S »)=C].

Let "'(f), fEL 2(R S ), be the (smeared) Fermion annihilation operator on Y F(L 2(R S »), so that the anticommutation relations
hold, where {A,B}=AB + BA. (5.8) On the other hand, 'l'n(/I, ... ,/;,;gl, ... ,gr) is symmetric (resp. antisymmetric) in (II ''''/;') 20) we see that the rhs on (5.18) is equal to b( T*cu I/2 j) 'I' n (II '''''/;'; gl, .. ·,gr) T*CUTfj, ... ,/;,; gl,· .. ,gr) . Proof: The operators Qj' j = 1,2, are given explicitly as follows: Proof ' Let P (r) {Q"Q2},H ss ,N F }. As seen from (5.37), the bosonic and fermionic degrees of freedom are uncoupled in Hss. Therefore, in the SSQT constructed above, the bosons do not interact with the fermions.
VI. SUPERSYMMETRIC EMBEDDING OF H-
THE CASE am < 0
We first note the following proposition. n,p,r>O, q = 0,1, 1" "", 1; , , g, , ···, grED(w) .
Then, as in the preceding case am > 0, we define the operators Q, and Q2 on Ko by (5.27) and (5.28) with (6.6) Iw(Hss) = index Qj+' j= 1, ... , N. (7.4) The supercharges defined by Sees. V and VI may be regarded as infinite-dimensional Kiihler-Dirac-type operators. It is interesting to compute their indices as a special case of the index problem in infinite-dimensional manifolds 26 • 46 as in the following proposition.
Proposition: (a) Let am> ° and let JY' ± and Qj' j = 1,2, be given by (5.5), (5.31), and (5.32), respectively. Then which, together with (7.4), give (7.5).
(b) In this case also, we can prove (7.10) in the same way as in part (a). Thus (7.6) follows. 0
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